Abstract. We introduce a new class of generalized isotropic Lipkin-Meshkov-Glick models with su(m + 1) spin and long-range non-constant interactions, whose nondegenerate ground state is a Dicke state of su(m + 1) type. We evaluate in closed form the reduced density matrix of a block of L spins when the whole system is in its ground state, and study the corresponding von Neumann and Rényi entanglement entropies in the thermodynamic limit. We show that both of these entropies scale as a log L when L tends to infinity, where the coefficient a is equal to (m − k)/2 in the ground state phase with k vanishing su(m + 1) magnon densities. In particular, our results show that none of these generalized Lipkin-Meshkov-Glick models are critical, since when L → ∞ their Rényi entropy R q becomes independent of the parameter q. We have also computed the Tsallis entanglement entropy of the ground state of these generalized su(m + 1) Lipkin-Meshkov-Glick models, finding that it can be made extensive by an appropriate choice of its parameter only when m − k 3. Finally, in the su(3) case we construct in detail the phase diagram of the ground state in parameter space, showing that it is determined in a simple way by the weights of the fundamental representation of su(3). This is also true in the su(m + 1) case; for instance, we prove that the region for which all the magnon densities are non-vanishing is an (m + 1)-simplex in R m whose vertices are the weights of the fundamental representation of su(m + 1).
Introduction
A crucial difference between classical and quantum systems is the fact that in the latter ones the entropy of a subsystem can be positive even when the whole system is in its (pure) ground state at zero temperature. Indeed, classically a positive value of the entropy is simply a reflection of the lack of knowledge of the precise microstate of the system when it is in a certain macrostate. On the other hand, an essential property of quantum systems is the fact that the exact knowledge of the state of the whole system does not give complete information about the state of a subsystem. This is a consequence of the entanglement among different parts of the system, which is perhaps the most paradigmatic quantum phenomenon [1, 2] .
One of the most widespread quantitative measures of the degree of entanglement of a quantum system at zero temperature is the bipartite entropy of its ground state |ψ . More precisely, if we divide the system into two subsystems with L and N − L particles the corresponding bipartite entropy is the quantum entropy of the reduced density matrix ρ L = tr N −L ρ, where ρ ≡ |ψ ψ| and the trace is taken over the degrees of freedom of the latter subsystem. This definition is actually symmetric between both subsystems, since the entropy of ρ L necessarily coincides with that of ρ N −L . In practice, the von Neumann [1] and Rényi [3, 4] entropies, respectively defined by
(where q is a positive real parameter) have been extensively used as quantitative measures of the bipartite entanglement. The exact evaluation of these entropies, or even the determination of their large L limit, is only possible for a handful of mostly onedimensional models. These models include the XX and XY nearest-neighbors Heisenberg spin chains, for which the asymptotic behavior of both the von Neumann and Rényi entropies was established in the last decade [5] [6] [7] with the help of the Fisher-Hartwig conjecture. As is well known, both of these models are critical in a certain region of their parameter space [8] . The large L behavior of the entropy is essentially different in the critical and non-critical regions. More precisely, the entropy scales as log L in the critical region, while it saturates to a constant in the non-critical one. This is a manifestation of the so-called area law [9] , according to which the (von Neumann) bipartite entropy of a critical one-dimensional quantum system with short-range interactions behaves as log L, while for non-critical systems it tends to a constant. This is consistent with the fact that the bipartite entropy of two-dimensional conformal field theories (which describe one-dimensional quantum critical systems in the thermodynamic limit) scales as (c +c)(1 + q −1 )(log L)/12, where c andc denote respectively the holomorphic and anti-holomorphic central charges and q = 1 for the von Neumann entropy [10] [11] [12] .
On the other hand, it is generally believed that the area law need not hold for systems exhibiting long-range interactions, since the stronger correlations in these systems are expected to increase the entropy. One of the few one-dimensional long-range quantum systems that has been exactly solved is the Lipkin-Meshkov-Glick (LMG) model [13] [14] [15] , originally introduced by the latter authors to describe a system of N fermions in two levels each of which is N times degenerate. This model is equivalent to a system of N spin 1/2 particles with constant XY-type long-range interactions in a transverse magnetic field. In the isotropic (XX) case the model is exactly solvable, and its bipartite von Neumann entropy has also been computed in closed form [16, 17] . The von Neumann entropy vanishes in the gapped (and not entangled) phase, while it grows as (log L)/2 in the gapless one. Thus the LMG model behaves in this respect as a one-dimensional quantum system with short-range interactions. The reason of this behavior is the competition between the range of the interactions, which tends to increase the entropy, and the high degree of symmetry of this model, which tends to lower it. Indeed, in this case the ground state is a symmetric Dicke state (i.e., it has maximum total spin S = N/2 and a well-defined value of the total spin component S z ) for all values of its parameters, which is easily seen to imply that the entanglement entropy cannot exceed log(L + 1).
A class of one-dimensional models with long-range interactions which has been extensively studied is that of spin chains of Haldane-Shastry (HS) type. The original HS chain [18, 19 ] is a lattice model of N spin 1/2 particles uniformly arranged on a circle, with pairwise interactions inversely proportional to the square of the chord distance. This model was soon afterwards generalized to particles carrying su(m + 1) spin, as well as to rational and hyperbolic interactions [20] [21] [22] [23] . The HS chain, which is closely related to the one-dimensional Hubbard model with long-range hopping [24] , is exactly solvable via the asymptotic Bethe ansatz, and its partition function can be evaluated in closed form [25] . Among other remarkable properties, the HS chain possesses exact Yangian symmetry for a finite number of sites [26] , and provides one of the simplest realizations of anyons in one dimension via Haldane's fractional statistics [26] [27] [28] [29] .
In this paper we shall introduce a large family of su(m + 1) spin chains which, like the HS-type chains, feature variable long-range interactions, and whose ground state entanglement properties are similar to those of the isotropic LMG model. More precisely, the models we shall construct will admit as non-degenerate ground state a generalized Dicke state of su(m + 1) type, i.e., a state totally symmetric under permutations and with a well defined number of particles in each of the su(m + 1) internal one-particle states (su(m + 1) magnons). This will be achieved by replacing the quadratic term in the total spin operator S z present in the LMG Hamiltonian by a sum of similar terms in each of the generators of the su(m + 1) Cartan subalgebra. The resulting models can thus be considered a natural generalization of the original (isotropic) LMG model, to which they actually reduce when m = 1 and all the two-body interactions are constant.
An explicit expression for the reduced density matrix ρ L of any system whose ground state is an su(m + 1)-type Dicke state with arbitrary m first appeared in Ref. [30] . The eigenvalues of ρ L turn out to define a hypergeometric distribution in m variables, thus generalizing the result of Refs. [16, 17] for the spin 1/2 (m = 1) isotropic LMG model. We shall show that in the thermodynamic limit N 1 with L/N → α (finite) the eigenvalues of the reduced density matrix can be well approximated by a Gaussian distribution, whose parameters we evaluate in closed form for arbitrary m and α. With the help of this approximation, we obtain explicit asymptotic expressions for the von Neumann and Rényi entropies in the thermodynamic limit. In particular, our expression for the von Neumann entropy coincides with that of Ref. [30] , derived by extrapolation from the α = 0 case. Remarkably, in the region of parameter space for which all the ground state magnon densities are non-vanishing both of these entropies scale as (m log L)/2 as L tends to infinity. Thus the behavior of the von Neumann entropy is that of a critical model with c =c = 3m/2, described by a conformal field theory (CFT) with m fermions and m bosons. This may not seem surprising at first sight, taking into account that many critical one-dimensional spin chains, including the Heisenberg (XXX) and the su(m + 1) HS chains, are effectively described by theories of this type (see, e.g., [26, 31, 32] ). Here, however, the situation is more subtle. Indeed, the Rényi entropy R q , although still proportional to log L for large L, becomes independent of the parameter q for L → ∞, and as a consequence the family of generalized isotropic LMG models cannot contain any critical instances.
It is well known that a crucial requirement of classical thermodynamics is the extensivity of the (Maxwell-Boltzmann) entropy of a given system, i.e., that S ∝ L d , where L is a characteristic length of the system and d is the number of space dimensions. In a quantum context this requirement, at least for the von Neumann entropy, is violated in many cases, as for instance in black hole thermodynamics [33] [34] [35] [36] . In fact, the area law mentioned above evidences a non-extensive behavior of von Neumann's entropy in strongly correlated quantum systems. On the other hand, it is very natural to enquire whether this feature is shared by all quantum entropies available in the literature. Interestingly enough, this is not the case. For instance, as already noted in Ref. [37] , the quantum Tsallis entropy [38, 39] can be extensive when von Neumann's is not in several one-and two-dimensional strongly correlated systems, which include the Heisenberg XY model. We have found a similar behavior for the Tsallis entanglement entropy of the ground state of generalized su(m + 1) LMG models with m − k 3 (where k is the number of vanishing magnon densities), while for m − k = 1, 2 the Tsallis entropy is not extensive for any value of its parameter.
As mentioned above, the ground state of the isotropic LMG model has two quantum phases (entangled and non-entangled), respectively determined by the values of the (suitably normalized) magnetic field strength being less or greater than 1 in absolute value. For the generalized LMG models constructed in this paper, the situation is more subtle. More precisely, we shall show that in this case the ground state can be in exactly m + 1 quantum phases, each of which is characterized by the vanishing of a certain number of magnon densities. Moreover, in the phase with k vanishing magnon densities both the von Neumann and Rényi entropies scale as 1 2 (m − k) log L, implying again that none of these phases can contain any critical models. We have performed a detailed analysis of the ground state phases in the su(3) (m = 2) case, completely identifying the corresponding regions in parameter space. Remarkably, these regions are entirely determined in a geometric way by the weights of the fundamental representation of su(3) associated to the choice of the Cartan generators. A similar result holds in the general (su(m + 1)) case; for instance, we show that the region for which all the magnon densities are non-vanishing is an (m + 1)-simplex in R m whose vertices are the weights of the fundamental representation of su(m + 1).
We end this section with a few words on the paper's organization. In Section 2 we review the main properties of the isotropic LMG model and present the construction of its su(m + 1) generalization with non-constant interactions. In Section 3 we evaluate in closed form the ground state entanglement entropies of von Neumann and Rényi, and study their main properties. As a byproduct of our analysis, we obtain a similar expression for the Tsallis entropy and discuss its extensivity. In Section 4, a detailed description of the entanglement properties of the ground state as a function of the su(m + 1) magnetic field strength is presented. Special attention is paid to the case m = 2, for which we obtain a complete phase diagram describing the regions in parameter space with different magnon content. Section 5 is devoted to the presentation of our conclusions and the discussion of some open problems suggested by the previous results. The paper ends with three technical appendices in which we present a detailed derivation of the exact formula for the eigenvalues of the reduced density matrix, compute the first and second moments of a multivariate hypergeometric distribution, and show how a univariate hypergeometric distribution can be approximated by a normal one in a suitable limit.
Generalized Lipkin-Meshkov-Glick models
The original Lipkin-Meshkov-Glick model describes a system of N mutually interacting spin 1/2 particles in a constant magnetic field. Its Hamiltonian can be taken as
where λ > 0, γ 0 and h are real parameters, σ a k is the a-th Pauli matrix acting on the k-th spin, and the sums (as hereafter, unless otherwise stated) range from 1 to N . The model (2.1) is thus the analogue of the Heisenberg XY chain with long-range constant interactions. Its Hamiltonian can be expressed in terms of the total spin operators
where S = (S x , S y , S z ) and S ± = S x ± iS y . It is well known [40, 41] that the LMG model undergoes a second-order quantum phase transition with mean field exponents at h/λ = 1. In the anisotropic case 0 γ < 1, the model has been solved only in the thermodynamic limit [42, 43] , although its entanglement properties have been extensively studied (see, e.g., [44] [45] [46] ). In this work we shall focus on the isotropic case γ = 1, for which H is diagonal in a basis |S, M, ν of common eigenstates ‡ of S 2 and S z with respective eigenvalues S(S + 1) and M . Here, as usual, M = −S, −S + 1, . . . , S and S = π(N )/2, π(N )/2 + 1, . . . , N/2, where π(N ) denotes the parity of the integer N . We shall further set λ = 1 (which amounts to a trivial rescaling) and also restrict ourselves, without loss of generality, to nonnegative values of h (since the spectrum of H is clearly independent of the sign of h). With this choice of parameters Eq. (2.2) implies that H|S, M, ν = E(S, M )|S, M, ν , where the eigenvalue E(S, M ) is given by
3)
The properties of the ground state of the LMG model (2.1) with λ = γ = 1 and h 0 are essentially different in the two quantum phases 0 h < 1 and h 1. Indeed, for h 1 the minimum of Eq. (2.3) is achieved when S = M = N/2, so that the ground state is the product state with all spins up. In particular, for h 1 the ground state is not entangled. On the other hand, when 0 h < 1 the energy is clearly a minimum when S = N/2 and M = I(hN/2), where I(x) denotes the closest integer § (for N even) or half-integer (for N odd) to x. In particular, since the total spin S is maximum the ground state must be totally symmetric. It is also non-degenerate, since the number N ↑ of "up" spins is fixed by the condition 4) where N ↓ = N − N ↑ denotes the number of "down" spins. Thus, when 0 h < 1 the ground state of the LMG Hamiltonian (2.1) with γ = λ = 1 is the totally symmetric state 5) where N ↑ is given by (2.4). Denoting by |↑ and |↓ respectively the spin up and down one-particle states, the (normalized) ground state (2.5) can be expressed in terms of the elements
of the canonical spin basis as
(2.6) ‡ The additional quantum number ν, which ranges from 1 to
, takes into account the degeneracy of the eigenspace with a given S and M . § The definition of I(x) is ambiguous when x is an integer (for odd N ) or a half-integer (for even N ). Since we are ultimately interested in the thermodynamic limit, we shall henceforth implicitly assume that hN = 2p + 1 − π(N ) with p ∈ Z, so that I(hN/2) is well defined.
Note that in this case the quantum number ν can be omitted, since the subspace with S = N/2 and any M is one-dimensional (cf. the first footnote).
In the latter formula S N ↑ ,N ↓ denotes any set of N N ↑ permutations of N elements inequivalent with respect to the initial state |↑, . . . , ↑, ↓, . . . , ↓ (i.e., such that the images of the latter state under any two elements of the set differ).
Our aim is to construct a model generalizing the (isotropic) LMG model (2.1) in two different directions. More precisely, we shall consider an internal space of arbitrary dimension m + 1, and shall also allow for general (position-dependent) longrange interactions. We shall only require that the ground state of the model (in the thermodynamic limit) be i) non degenerate, ii) totally symmetric, and iii) such that the number N s of particles in each one-particle state |s (with s = 1, . . . , m + 1) is welldefined, as in the original LMG model. In other words, the ground state of the model should be the Dicke state
with N 1 + · · · + N m+1 = N . As before, S N 1 ,...,N m+1 denotes any set of
permutations of N elements inequivalent with respect to the state |1, . . . , 1, . . . , m + 1, . . . , m + 1 .
In order to construct these generalized Lipkin-Meshkov-Glick (gLMG) models, we note that the local su(2) spin operators S k ≡ (S by the identity
From the previous equation it easily follows that
so that the Hamiltonian (2.1) with λ = γ = 1 can also be expressed as
Motivated by this fact, we consider the general spin permutation operators S ij in Eq. (2.8) acting on particles with (m + 1) internal degrees of freedom. It is well known that these operators can be expressed in terms of the local (Hermitian) generators t δ ab ) as
Furthermore, since S ij is obviously Hermitian and has eigenvalues ±1, it is clear that the lowest energy eigenspace of the Hamiltonian
coincides with the subspace of totally symmetric states provided that h ij > 0 for all i < j. Note that this Hamiltonian commutes with the total su(m + 1) generators T a = i t a i , since these operators commute with each S ij . In fact, the model (2.11) reduces to the well-known Haldane-Shastry spin chain of su(m + 1) type when the interactions are given by
This model, as well as its rational and hyperbolic versions, has been extensively studied in the literature due to its remarkable integrability and solvability properties (see, e.g., Refs. [22, 28, 47] ). In order to single out a state of the form (2.7) as the unique ground state we need to add a suitable term to the Hamiltonian H 0 , as we shall now explain. By analogy with the su (2) 
where h ij , c a > 0, h a ∈ R and
Indeed, note first of all that H 0 commutes with all the operators J a , and hence with H 1 , so that H 0 and H 1 can be simultaneously diagonalized. As mentioned before, the subspace of totally symmetric states is the eigenspace of H 0 with lowest (zero) energy. On the other hand, we have
and therefore since J a commutes with all the permutation operators S ij . Thus in the thermodynamic limit N → ∞ with N a /N → n a finite, the energy of the Hamiltonian (2.13) is minimum for the state |ψ(N 1 , . . . , N m+1 ) whose magnon densities n a satisfy
The above system is easily solved, with the result
The consistency condition for the system (2.14), namely that 0 n a 1 for a = 1, . . . , m + 1, is satisfied provided that
These are the equations of an m-dimensional (closed) simplex H ⊂ R m with vertices
where {e 1 , . . . , e m } is the canonical basis of R m (cf. Eq. (2.14)). In other words, the vectors µ a (1 a m+1) are the weights of the fundamental representation of su(m+1) with respect to the basis (2.12) of its Cartan subalgebra.
In summary, we have shown that (in the thermodynamic limit) the model (2.13) with h ij , c a > 0 and parameters h a satisfying (2.16) has a non-degenerate, totally symmetric ground state |ψ(N 1 , . . . , N m+1 ) given by Eq. (2.7), where N a = n a N and the magnon densities n a are determined by h 1 , . . . , h m through Eq. (2.15). The Hamiltonian (2.13) is not invariant under the su(m + 1) algebra, due to its second term H 1 . However, it can be easily expressed in terms of the (local) su(m+1) generators using Eq. (2.10), namely
i<j h ij . We shall thus refer to the model (2.13) with m + 1 internal degrees of freedom and h a satisfying Eq. (2.16) as an su(m + 1) gLMG model. Note that, since the parameters h a couple to the total su(m + 1) generators J a , they can be regarded as su(m + 1) magnetic field strengths by analogy with the su(2) case. In fact, from Eq. (2.9) and the identity S z = J 1 /2 it follows that the isotropic LMG model is an su(2) gLMG model with h ij = 2/N for all 1 i, j N and c 1 = 1/(2N ) (up to an irrelevant constant).
Remark 1. The condition that all the coefficients h ij in Eq. (2.13) be positive can be considerably relaxed. Indeed, the latter condition is certainly sufficient to guarantee that the ground state of the model be symmetric, but it is by no means necessary.
More precisely, it suffices that the transpositions i ↔ j corresponding to positive h ij generate the full symmetric group. For instance, the consecutive transpositions i ↔ i+1 (with i = 1, . . . , N − 1) certainly fulfill this requirement. It follows that the ground state of the Hamiltonian with nearest neighbor interactions
whereh i , c a > 0 and S N,N +1 = 1 or S N,N +1 = S 1,N , is also of the form (2.7). Thus the family of gLMG models can be suitably enlarged to encompass systems with both short-range and long-range interactions. 
Quantum entropies
In this section we shall compute the analytic expressions of the (bipartite) entanglement entropies of von Neumann and Rényi for the ground state of the gLMG model (2.13) or, more generally, of any quantum system whose ground state is a Dicke state (2.7). Actually, since the von Neumann entropy is the q → 1 limit of the Rényi entropy, it suffices to compute tr(ρ 
i.e., the subspace of symmetric states for L particles with an (m+1)-dimensional internal space. Since we obviously have
the von Neumann entropy satisfies
In other words, the von Neumann (bipartite) entropy of the ground state of the gLMG model (2.13) -or, more generally, of any quantum system whose ground state is a Dicke state (2.7)-cannot grow faster than log L, which is the typical scaling behavior of the entropy observed in many critical spin chains (see, e.g., [17] , [9] ).
As first shown in Ref. [30] , the reduced density matrix ρ L is diagonal in the Dicke basis |ψ(
(see Appendix A for a detailed derivation of the latter formula).
Our first goal is to analyze the behavior of λ(
and 0 < α, n a < 1 for a = 1, . . . , m + 1. Note that, by Eq. (2.15), the latter condition on the magnon densities n a will be satisfied provided that the magnetic field strength vector h ≡ (h 1 , . . . , h m ) lies in the interior of the simplex (2.16). We start by rewriting Eq. (3.2) as
where each factor
is a hypergeometric distribution in the variable L a . Note, in particular, that all the binomial coefficients appearing in the latter expression are well defined (i.e., nonvanishing) on account of the inequalities (A.5). The main idea in order to derive the asymptotic behavior of the RHS of Eq. (3.4) as N 1 is to recursively apply the approximation of a hypergeometric distribution by a suitable Gaussian distribution described in Appendix C. To begin with, the first factor
can be approximated using Eqs.
and henceα = α, ν = n 1 . We thus obtain (cf. Eq. (C.3))
where
By Eqs. (B.3) and (B.4), the mean and standard deviation of the first magnon number L 1 are respectively equal to µ 1 and (1−1/N )
In particular, this implies that in the thermodynamic limit the distribution of L 1 becomes sharply peaked around its mean value Ln 1 . As we shall now see, this fact is crucial for determining the behavior of the second factor
and henceα
where we have used the fact that L 1 ∼ Ln 1 . We thus obtain
where in the second formula we have again taken into account that L 1 ∼ Ln 1 . Setting x 2 = L 2 − µ 2 , from the previous formulas it immediately follows that
and hence
The above approximate formula for λ 1 λ 2 suggests that in general we have
This fact can be readily established by induction through a straightforward calculation.
In particular, setting a = m in the previous formulas we obtain the following simple asymptotic expression for the eigenvalues of the reduced density matrix ρ L in the thermodynamic limit:
Remark 3. From the condition tr ρ L = 1 it follows that the integral over R m of the RHS of Eq. (3.8) is approximately equal to 1. In fact, it is straightforward to check that this integral is exactly equal to 1, which proves that the multivariate hypergeometric distribution λ(L 1 , . . . , L m ) can be approximated in the thermodynamic limit (3.3) by a suitable normal distribution. We shall next show that this normal distribution is completely determined by the fact that its first and second moments coincide with those of the exact distribution λ(L 1 , . . . , L m ) in the thermodynamic limit. In other words (cf. Eqs. (B.5) and (B.8)), the RHS of Eq. (3.8) is simply the Gaussian distribution with moments
where x i ≡ L i − Ln i . Indeed, the covariance matrix of the general normal distribution
with means L i = Ln i is given by
where A ij is the complementary minor of a ij in the symmetric matrix A ≡ (a ij ) 1 i,j m . Comparing with Eq. (3.9) we immediately obtain
which after an elementary calculation leads to
This is exactly the coefficient matrix of the Gaussian distribution (3.8), as claimed. In particular, this observation also shows that the approximation (3.8) coincides with that explicitly derived in Ref. [30] for the case α = 0 and m = 2.
Let us now turn to the computation of the trace
where λ(L 1 , . . . , L m ) is given by Eq. (3.2) and the sum is over all non-negative integers L 1 , . . . , L m satisfying the inequalities (A.5). In the thermodynamic limit we can approximate λ(L 1 , . . . , L m ) by the asymptotic formula (3.8), and the sum over L 1 , . . . , L m by an integral. Moreover, we can extend the domain of integration to the whole space, since the Gaussian distribution is negligible unless L a ∼ Ln a for all a. We thus obtain
where we have used the fact that the RHS of (3.8) is normalized to 1. 
Remark 5. The α → 0 limit of Eq. (3.10) when q is a positive integer can also be obtained using the replica trick and the techniques developed in Refs. [48] [49] [50] to analyze totally symmetric states. More precisely, the authors of the latter references derive an expression for tr(ρ q L ) (with q ∈ N) in the limit N → ∞ with This is indeed the α → 0 limit of Eq. (3.10), as expected, since (3.11) followed by the L → ∞ limit is essentially equivalent to the thermodynamic limit (3.3) followed by the α → 0 limit. In any case, it should be noted that, although Eq. (3.12) can be obtained from (3.10) taking the α → 0 limit (at least for q ∈ N), it is of course not possible to derive the latter equation from (3.12).
From Eqs. (1.1) and (3.10) it immediately follows that in the large L limit the Rényi entropy is given by
Remarkably, R q depends on q only through the first term, which is irrelevant in the thermodynamic limit L → ∞. This fact, already noted by the authors of Ref. [50] in the α = 0 case, shall prove important for determining whether the class of generalized LMG models (2.13) contains critical models. Taking the q → 1 limit of Eq. (3.13) we deduce a similar formula for the von Neumann entropy, namely
Equation (3.14) was first derived in Ref. [30] by extrapolation from the α = 0 case (see also Ref. [16] ). Note also that this equation is clearly consistent with the a priori bound (3.1) since L 1 by hypothesis. Equations (3.13)-(3.14) provide excellent approximations to the exact values of the Rényi and von Neumann entropies for even moderately large values of L, with a relative error steadily decreasing with L (see, e.g., Fig. 1 for the case m = 2, h 1 = h 2 = 1/5 and α = 1/2). Remarkably, in this case the Rényi and von Neumann entropies merely differ by a (q-dependent) constant, namely
Note also that in the su(2) case the von Neumann entropy (3.14) reduces to
in agreement with the result of Refs. [16] and [17] for the isotropic LMG model. As expected, the maximum value of the entropies (3.13)-(3.14) is obtained when n a = 1/(m + 1) for all a = 1, . . . , m + 1, i.e., for h = 0. On the other hand, the approximations (3.13)-(3.14) to the von Neumann and Rényi entropies tend to −∞ when h approaches the faces of the simplex H, since each of these faces is determined by the vanishing of one of the magnon densities n a . This behavior had already been pointed out in Ref. [17] for the von Neumann entropy of the isotropic (su(2)) LMG model. It may seem surprising that the approximate von Neumann and Rényi entropies (3.13)-(3.14) become negative in a certain subset of H. In fact, as we shall now discuss in more detail, when L 1 the regions in which each of these approximations are negative (and, therefore, break down) are negligibly small.
In order to substantiate the previous claim, we shall estimate the distance r 0 of a point h 0 lying on one of the (m − 1)-dimensional faces of the simplex H to the positive entropy region, or equivalently to the zero entropy hypersurface. For simplicity, we shall deal with the generic situation in which h 0 belongs to the interior of the face. We shall prove that for both entropies under consideration r 0 ∼ L −m . To this end, suppose to begin with that h 0 lies in the interior of the face where n a = 0, with 1 a m. In this case we can approximate the remaining densities n b by their values n 0 b = h 0b +(1−h 0 )/(m+1) at the point h 0 ≡ (h 01 , . . . , h 0m ) (with h 0 ≡ m+1 a=1 h 0a ), so that (for instance) the von Neumann entropy satisfies
Equating the RHS of this equation to zero and solving for n a we obtain
Thus near h 0 the S = 0 hypersurface can be approximated by the above hyperplane, which is parallel to the hyperplane n a = 0 containing the face under consideration.
Computing the distance between these two hyperplanes we immediately find the following approximate formula for r 0 in the case of the von Neumann entropy:
When h 0 lies on the face n m+1 = 0 a totally analogous calculation leads to the slightly simpler result
The computation of r 0 for the Rényi entropy proceeds along the same lines, with the result
where (r 0 ) S is the approximate value of r 0 for the von Neumann entropy given by Eqs. (3.15) or (3.16). Interestingly, the RHS of Eq. (3.17) is less (resp. greater) than (r 0 ) S for 0 < q < 1 (resp. q > 1). Note, finally, that the assumption that h 0 belongs to the interior of the face is essential for the validity of Eqs. . This so-called area law [9] has been verified for a wide range of quantum systems, such as the XX and XY models [6, 7] , the Heisenberg (XYZ) spin chain [51, 52] , the original (su(2), not necessarily isotropic) LMG model [17] , translation-invariant (quadratic) fermionic systems in arbitrary dimension [53] , and certain two-dimensional bosonic and fermionic systems [37] , [54] , to name only a few. On the other hand, for models with long-range interactions it is widely accepted that the area law need not hold, since in general the range of the interaction tends to increase the entropy [9] . This statement should be taken with some caution, since the entanglement entropy is ultimately a property of the state, and two models featuring short-range and long-range interactions may have the same ground state [55] . The logarithmic growth (3.18) of the ground state entanglement entropy of the gLMG models (2.13) does not indicate, however, that this class contains critical models. Indeed, the Rényi entropy of these models scales as a log L with a independent of q, while for a two-dimensional CFT the coefficient a should instead be proportional to 1 + q −1 . It has been shown in Ref. [37] that in some low-dimensional quantum systems whose entanglement (von Neumann) entropy follows the area law the Tsallis entropy, defined by 19) becomes extensive (i.e., scales as L d , where d is the number of space dimensions and L is a characteristic length) for a suitable value of the positive parameter q. This entropy, which plays an important role in the study of strongly correlated classical systems, has also been extensively applied in other fields ranging from natural and social sciences to linguistics and economics (see the online document http://tsallis.cat.cbpf.br/TEMUCO.pdf for an updated bibliography). Since the Tsallis and Rényi entropies are obviously related by 20) from Eq. (3.13) we immediately obtain the following explicit formula for the Tsallis entanglement entropy of the ground state (2.7) of the gLMG model (2.13):
Thus for L 1 the Tsallis entropy scales as a power law, namely
The dominant term of T q is linear in L if q = 1 − 2/m, which requires that m 3 due to the condition q > 0. For this critical value of q the Tsallis entropy is given by 23) so that the entropy per particle in the thermodynamic limit reads
As we have just seen, in the su(2) and su(3) cases the Tsallis entanglement entropy is not extensive for any value of the parameter q. It would therefore be of interest, in this context, to find a generalized entropy (like, e.g., one of the group entropies studied in Refs. [56] and [57] ) which is extensive for the ground state of the gLMG model (2.13) with m = 1, 2.
Ground state phase diagram
In the previous sections we have studied the entanglement properties of the ground state of the gLMG model (2.13) when the magnetic field strength h lies in the interior of the simplex H given by Eq. (2.16). The aim of this section is to extend the previous results outside this region, determining how the behavior of the ground state and its entanglement entropy vary with h. To this end, note first of all that by Eq. (2.13) the magnon densities n a in the ground state must minimize the function Thus the condition for the ground state to have well-defined magnon densities is that ε has a unique minimum in N . In fact, from the very definition of the set H it follows that for h ∈ H the unique minimum of the energy function (4.1) over R m , given by Eqs. (2.14), lies in N . More precisely, when h belongs to the interior of H the absolute minimum of ε lies in the interior of N , and therefore 0 < n a < 1 for all a = 1, . . . , m + 1. Thus in this case the ground state is not only entangled, but contains magnons of each of the m + 1 types |a . On the other hand, when h belongs to the boundary of H the unique global minimum of ε, still given by Eq. (2.15), now lies on the boundary of N . In particular, at least one of the magnon densities must vanish in this case, so that the ground state is entangled but does not have full magnon content. We shall be mainly interested in this section in the case in which h lies in the exterior of H, so that the minimum of ε in N is necessarily attained on its boundary ∂N . This minimum is therefore no longer given by the simple equations (2.14), but must be computed by examining the behavior of ε on ∂N . We shall prove at the end of this section that the minimum of ε on ∂N is unique for all values of the magnetic field strength h. Thus the ground state of the generalized LMG model (2.13) is always unique, although its magnon content is given by Eq. (2.15) only for h ∈ H.
The boundary of the simplex N is the union of the (m − k)-dimensional sets (or (m − k)-faces) ∂N a 1 ,...,a k determined by the equations
where k = 1, . . . , m and 1 a 1 < · · · < a k m + 1. Let us suppose, therefore, that the unique minimum of ε in ∂N is attained on a certain (m − k)-face ∂N a 1 ,...,a k . If k = m (i.e., if the minimum of ε on N is attained at one of its vertices) then one of the magnon densities is necessarily equal to 1 and the remaining ones vanish, so that the ground state is not entangled. On the other hand, if 1 k < m then the ground state is entangled but has not full magnon content, since it only contains magnons of m − k + 1 < m + 1 types. In other words, we expect that in general the ground state can be in exactly one of m + 1 possible "phases", characterized by the vanishing of 0 k m magnon densities. Note that we have included the k = 0 case, in which n a > 0 for all a = 1, . . . , m + 1, which holds when h lies in the interior of H.
We shall now describe the essential properties of the ground state when h belongs to the exterior of H. As we have just seen, in this case the minimum of the energy function ε is attained on one of the (m − k)-faces ∂N a 1 ,...,a k of N , so that in the ground state n a 1 = · · · = n a k = 0 and 0 < n a k+1 , . . . , n a m+1 < 1, where {a k+1 , . . . , a m+1 } = {1, . . . , m + 1} \ {a 1 , . . . , a k } .
Thus in the thermodynamic limit (3.3) we have
and the eigenvalues of the reduced density matrix ρ L are given by
is therefore the analogue of Eq. (3.2), with m replaced by m − k and n 1 , . . . , n m+1 by n a k+1 , . . . , n a m+1 . Hence Eqs. (3.13), (3.14) and (3.21) for the Rényi, von Neumann and Tsallis entropies still hold in this case, provided that we perform the above replacements; in particular, the von Neumann entropy is given by
In the derivation of the latter equation we have tacitly assumed that k < m. In fact, when k = m the ground state is not entangled, and hence S = 0 in this case. By Eq. (4.2), the asymptotic behavior of the von Neumann entropy in the ground state phase with k vanishing magnon densities is given by
As discussed in the previous section, this result does not imply that in this phase there should be critical gLMG models. Indeed, the Rényi entropy R q also scales as a log L when L 1, where a = (m − k)/2 is independent of the parameter q. As we know, this behavior is inconsistent with the characteristic scaling of the Rényi entropy of a one-dimensional CFT, for which R q = a(q) log L with a(q) proportional to 1 + q −1 .
Remark 6. By the discussion preceding Eq. (4.2), the Tsallis entropy in the phase with k vanishing magnon densities scales as L (m−k)(1−q)/2 , and is therefore extensive for q = 1 − 2/(m − k) provided that m − k 3. Hence this entropy is not extensive for any value of q in the phases with m − 1 and m − 2 vanishing magnon densities.
As a concrete example of the previous general statements, we shall next discuss in detail the su(3) case (m = 2) with the symmetric choice c 1 = c 2 = C. Taking (without loss of generality) C = 1, the energy function is simply
where x(n) ≡ 3 s=1 n s µ s , n = (n 1 , n 2 ) ∈ N and n 3 = 1 − n 1 − n 2 . When n ranges over N , the point x(n) varies over the triangle H in a one-to-one fashion, with n ∈ ∂N if and only if x(n) ∈ ∂H. Hence the minimum of ε(n) is simply the distance of the fixed vector h to the triangle H. Moreover, since this triangle is convex, the minimum distance of h to H is attained at a unique point x(n 0 ) in H.
The problem of minimizing the energy function ε has a very simple geometric solution. Indeed, when h ∈ • H the point x(n 0 ) closest to h is obviously h itself, so that the magnon density vector n 0 = x −1 (h) is given by Eq. (2.15). Suppose, on the other hand, that h / ∈
• H (including the limiting case h ∈ ∂H). Let us denote by L bc the side of the triangle H with vertices µ b and µ c . This side is parametrized by a magnon density n with n a = 0, where {a, b, c} = {1, 2, 3}. Likewise, we shall denote by R bc the half-strip bounded by the side L bc and the two straight lines perpendicular to it through the vertices µ b and µ c which does not contain the opposite vertex µ a , with the two limiting half-lines removed (cf. Fig. 2) . By construction, when h ∈ R bc the point in H closest to h lies on the interior of the side L bc ⊂ ∂H, so that in this case the corresponding density n 0 belongs to the side n a = 0 of N . The value of n 0 ≡ (n 01 , n 02 ) can be easily computed by minimizing
with respect to n b (assuming, without loss of generality, that b ∈ {1, 2}). In this way we easily obtain
and of course n 0c = 1 − n 0b . Note that in this case, although n 0a = 0, the ground state is still entangled, since 0 < n 0b , n 0c < 1. On the other hand, let W a denote the closed wedge with vertex µ a limited by the half-strips R ab and R ac (cf. Fig. 2 ). Obviously, if h lies in W a the point of the triangle H closest to h is the vertex µ a , whose corresponding magnon densities are n a = 1 and n b = n c = 0. In summary, we have shown that the Figure 2 . Triangle H, half-strips R ab , wedges W a and vertices µ a in the (h 1 , h 2 )-plane.
"phase diagram" of the ground state of the su(3) gLMG model (2.13) (with c 1 = c 2 for all a) is as follows:
i) In the interior • H of the triangle H, the ground state is a symmetric state containing all three types of magnons |a (with a = 1, 2, 3) .
ii) In each of the sets R bc the ground state is still entangled, but contains only magnons of the two types |b and |c .
iii) In the wedges W a , the ground state consists of magnons of type |a only, and is therefore not entangled.
From the previous remark, the general formula (4.2) and Eqs. (2.15) and (4.5), it follows that when L 1 the von Neumann entanglement entropy as a function of the su (3) magnetic field strength h is given by Fig. 3 we have plotted this entropy as a function of the magnetic field h in the range |h a | 2 for L(1 − α) = 1000. As mentioned in the previous section, the latter approximation to the von Neumann entropy tends to −∞ when h approaches a side L ab of the triangle H from its interior. Note, however, that it has a finite limit when this side is approached from the corresponding half-strip R ab . Similarly, S → −∞ when h approaches one of the straight lines limiting a half-strip R ab from its interior, but has a finite limit when this straight line is approached from the corresponding wedge W a or W b (except at the vertices µ a and µ b ). In the general case (i.e., for m > 2 and arbitrary positive values of the parameters c a ), the analysis is very similar. Indeed, in this case the energy function ε(n) can be written as
n a , and the norm · is defined by y 2 ≡ m a=1 c a y 2 a . As before, when the vector n varies over the simplex N the point x(n) parametrizes the simplex H in a bijective way, with n ∈ ∂N if and only if x(n) ∈ ∂H. Thus the problem of minimizing ε(n) is again equivalent to finding the distance (with respect to the norm · ) of the fixed vector h to the simplex H. Since this simplex is a convex polytope, there is a unique point in H closest to h for all values of h ∈ R m . This proves that the magnon densities are uniquely determined by the magnetic field strength h, so that the ground state of the gLMG model (2.13) is always unique. More precisely, when h ∈ • H , the distance of h to H is obviously zero and the corresponding density vector n 0 is again determined by the condition h = x(n 0 ), i.e., by Eq. (2.15). On the other hand, when h lies outside • H (in particular, if h ∈ ∂H), it is clear from geometric considerations that the minimum distance of h to the simplex H is attained at a point x(n 0 ) ∈ ∂H, so that the corresponding magnon density n 0 lies in ∂N . Hence in the latter case the system is in one of the m phases characterized by the vanishing of k > 0 magnon densities.
Conclusions and outlook
In this work we have introduced a large class of su(m + 1) spin models with longrange interactions possessing a symmetric non-degenerate ground state with well-defined magnon numbers. Our models provide a natural multiparameter generalization of the well-known spin 1/2 isotropic Lipkin-Meshkov-Glick model, featuring non-constant interactions and su(m + 1) spin. They are also closely related to Haldane-Shastry type chains, which can be formally obtained from them through specific realizations of the couplings h ij dropping the magnetic field terms.
One of the main results of our work is the detailed derivation of the asymptotic behavior of the eigenvalues of the reduced density matrix of a block of L spins when the system is in its ground state, for arbitrary values of m and α = lim N →∞ L/N . This makes it possible to compute the von Neumann and Rényi entropies in closed form when L 1, and to derive their asymptotic behavior when L → ∞. A notable outcome of our analysis is that both of these entropies scale as 1 2 (m − k) log L in the latter limit, where k is the number of vanishing magnon densities in the ground state. In particular, from the behavior of the Rényi entropy it follows that the class of generalized su(m + 1) LMG models contains no critical models. We have also computed the Tsallis entropy, showing that it can be made extensive when the number of "effective" internal degrees of freedom m−k +1 is greater than 3. Finally, we have completely determined the different phases of the ground state in terms of the su(m+1) magnetic field strength h, and shown that they are related in a simple geometric way to the weights of the fundamental representation of su(m + 1).
Our results open up several natural directions for further research and a number of related problems. One such problem is the determination in closed form of the full spectrum of suitable models of the class introduced in this paper, particularly for su(m+1) spin with m > 1. In fact, the integrability properties of the HS-type chains suggest the possibility of exploring the existence of integrable generalizations thereof with a non-vanishing magnetic field term of the form considered in this work. At the same time, it could also be of interest to extend the analysis of the entanglement entropy performed in this paper to different entropic functionals. Indeed, due to the presence of several parameters in the gLMG Hamiltonian, multiparametric entropies [56, 57] could play an important role in the classification of the possible thermodynamic regimes admitted by the system when one varies the values of its parameters. Finally, the fact that the von Neumann entanglement entropy of generalized LMG models is proportional to log L in certain regions of parameter space, though as we have seen does not imply the existence of critical models, suggests that these regions may nevertheless contain models with interesting non-generic properties worth investigating. This is certainly true in the m = 1 case, since (for instance) the isotropic LMG model is gapless precisely in the interval |h| < 1 for which the von Neumann entropy scales as log L [40] .
several standard bipartite entanglement entropies in the thermodynamic limit.
More precisely, we need to compute Using the above notation, the ground state (2.7) can be written as
where the sum is over all ordered multi-indices i a ∈ {1, . . . , N } Na such that i a ∩ i b = ∅ for a = b. We thus have
where the sum is again over all ordered multi-indices i a , j a satisfying the above condition. Thus, in order to evaluate ρ L we need only compute tr N −L |i 1 , . . . , i m j 1 , . . . , j m |. To this end, we decompose each multi-index i a as
where the components of each i 
, which immediately yields Eq. (A.3). Using Eq. (A.3) it is straightforward to obtain the expression
where |i| denotes the number of components of the multi-index i. In order to evaluate the latter sum, we introduce the notation L a = |i 
(A.5) Equation (A.4) can then be written as
where the outermost sum is over the range specified by Eq. 
Using Eq. (A.2) with N and N a respectively replaced by L and L a we finally arrive at the following explicit formula for the reduced density matrix ρ L :
where the summation range is again given by Eq. (A.5) and
, and its eigenvalues λ(L 1 , . . . , L m ) are given by Eq. (A.8) (cf. [30] ). In the particular case m = 1 (A.8) reduces to a hypergeometric distribution [58] , as shown in Ref. [17] for the isotropic LMG model (see also [16] ).
According to the Schmidt decomposition theorem (see, e.g., [2] ), the ground state |ψ (N 1 , . . . , N m+1 ) can be expressed as
where {|ψ j } and {|ϕ k } are appropriate orthonormal bases of the Hilbert spaces of the first L and last N − L particles, and the Schmidt coefficients b i are non-negative real numbers. From this formula it immediately follows that
and comparing with Eq. (A.7) we obtain
In fact, in this case it is straightforward to derive the Schmidt decomposition (A.9) directly. Indeed, using the previous notation for the multi-indices i a and Eq. Again, in the su(2) case the latter equation reduces to the analogous formula in Ref. [17] . It is also important to observe that all the results in this section are based exclusively on the fact that the ground state of the gLMG model (2.13) is of the form (2.7), i.e., it is symmetric and has well-defined magnon densities. Thus the above results hold, in general, for any quantum system whose ground state is of the latter form.
Appendix B. Moments of the multivariate hypergeometric distribution
In this appendix we shall compute in closed form the first and second moments of the multivariate hypergeometric distribution λ(L 1 , . . . , L m ) given by Eq. (3.2), with support (A.5). Our starting point is the elementary identity
m+1 , from which we deduce that (1 + t j )
where {φ(t)} L denotes the coefficient of t L in the polynomial φ(t). From the latter formula with n = 1 we obtain
Similarly, Eq. (B.2) with n = 2 yields
In particular, in the thermodynamic limit N → ∞ with lim N →∞ (L/N ) = α finite we obtain the asymptotic formula
The latter equation generalizes the analogous formula derived in Ref. [30] by approximating λ(L 1 , . . . , L m ) by a multinomial distribution, valid only for α = 0. Finally, the covariances x i x j = L i L j − L i L j with i = j can also be easily evaluated from the identity 6) whose proof is similar to that of Eq. (B.2). From Eq. (B.6) we easily obtain
and hence, by Eq. (B.3),
Again, in the thermodynamic limit we obtain the asymptotic formula
x i x j −L(1 − α)n i n j , i = j , (B.8)
which for α = 0 yields the analogous formula in Ref. [30] .
Appendix C. Limit of the hypergeometric probability distribution
In this appendix we shall provide a brief self-contained proof of the approximation of a hypergeometric probability distribution by a suitable Gaussian distribution, used in Section 3 to derive the behavior of the eigenvalues of the reduced density matrix ρ L in the thermodynamic limit. Consider the hypergeometric probability distribution
where 0 n,L Ñ are fixed. We are interested in approximating p l whenÑ → ∞, assuming that limÑ →∞ (L/Ñ ) ≡α and limÑ →∞ (n/Ñ ) ≡ ν with 0 <α, ν < 1. To this end, note that we can write Hence ( l 2 − l 2 ) 1/2 / l = O(L −1/2 ), so that the hypergeometric distribution (C.1) is sharply peaked around its average νL. It is immediate to check that when l is near νL we can simultaneously approximate the three binomial distributions in Eq. (C.2) using the Laplace-de Moivre formula with x = ν and suitable choices of k and K. We thus obtain Note, finally, that these values of µ and σ 2 respectively coincide with the asymptotic values of the mean and variance of the random variable l (cf. Eq. (C.4) ).
